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Equivalence ssGBLUP − ssSNPBLUP
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• Equivalent models under same assumptions and data

• ෝ𝐮 = 𝐙ෝ𝒂

• ෝ𝒂|ෝ𝐮 = 𝑘𝐙′𝐆−1ෝ𝐮

• Var ෝ𝒂 ෝ𝒖 = 𝑘𝐙′𝐆−1(𝐆 − 𝐂𝐮𝟐𝐮𝟐)𝐆−1𝐙𝑘

VanRaden (2008)
Stranden and Garrick (2009)

Guladron-Duarte et al. (2014)

• p-valuei = 2 1 −Φ
ොa𝑖

𝑠𝑑 ොa𝑖  ssGWAS

Aguilar et al. (2010)
Fernando et al. (2016) 



Equivalence enables ssGWAS
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• Why ssGWAS?

• Assumption of single-marker GWAS: Genotyped individuals have phenotypes

• Animal populations: genotypes and phenotypes may not be on the same individuals

• Deregressed EBV: are biased

• ssGWAS

• All data on genotyped and non-genotyped individuals

• Multi-trait models to accommodate correlations

• Negative aspect of ssGWAS

• Heavy computations for p-values -> same limitation as REML



Algorithm for Proven and Young (APY)
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H−1=A−1+
0 0

0 G −1– A22
−1• Realized relationship matrix in ssGBLUP

Dense  𝑢𝑖|𝑢1 + 𝑢2 + 𝑢3, … , 𝑢𝑖−1 = σ𝑗=1
𝑛−1𝑝𝑖𝑗𝑢𝑗 + 𝜀𝑖G−1

Misztal et al. (2014)
Fragomeni et al. (2015)
Lourenco et al. (2015)

Sparse  𝑢𝑖|𝑢𝑐1 + 𝑢𝑐2 + 𝑢𝑐3, … , 𝑢𝑐𝑖 = σ𝑗=1
𝑐 𝑝𝑖𝑗𝑢𝑗 + 𝜀𝑖

𝐆APY
−1

Condition on a set of features or animals = CORE animals

• 𝐆APY
−1 sparse

• Efficient computations

𝐆APY
−1



Masuda et al. (2016)



Equivalence APY ssGBLUP − ssSNPBLUP
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• If using APY in ssGBLUP

• Numerical equivalence

• ෝ𝐮 = 𝐙ෝ𝒂

• ෝ𝒂|ෝ𝐮 = 𝑘𝐙′𝐆APY
−1 ෝ𝐮

• Var ෝ𝒂 ෝ𝒖 = 𝑘𝐙′𝐆APY
−1 (𝐆 − 𝐂𝐮𝟐𝐮𝟐)𝐆APY

−1 𝐙𝑘

Function of CORE animalsFunction of all genotyped animals

• If using APY in ssGBLUP

• Equivalent APY ssSNPBLUP model 

• ෝ𝐮 = 𝐙†ෝ𝒂

• ෝ𝒂|ෝ𝐮 = 𝑘𝐙†
′
𝐆APY
−1 ෝ𝐮 = 𝑘𝐙c

′𝐆cc
−1ෝ𝐮c

• Var ෝ𝒂 ෝ𝒖 = 𝑘𝐙c
′𝐆cc

−1 (𝐆cc − 𝐂𝐮2c𝐮2c)𝐆cc
−1𝐙c𝑘



Equivalence APY ssGBLUP − ssSNPBLUP
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• If using APY in ssGBLUP

• Equivalent APY ssSNPBLUP model 

• ෝ𝐮 = 𝐙†ෝ𝒂

• ෝ𝒂|ෝ𝐮 = 𝑘𝐙†
′
𝐆APY
−1 ෝ𝐮 = 𝑘𝐙c

′𝐆cc
−1ෝ𝐮c

• Var ෝ𝒂 ෝ𝒖 = 𝑘𝐙c
′𝐆cc

−1 (𝐆cc − 𝐂𝐮2c𝐮2c)𝐆cc
−1𝐙c𝑘

?

• Exact - Inverse of the LHS of  MME

• Approximating reliabilities of GEBV



GEBV are published with reliability
• Reliability based on PEV

• Approximated for large populations

• Weights based on approximations

• Block sparse inversion with APY 

𝐖 𝐆APY
−1 𝐖+𝐆APY

−1 𝐖+𝐆APY
−1 −1

Addition of 
weights

Block sparse 
inversion

𝑑𝑖𝑎𝑔 𝐖+ 𝐆APY
−1 −1

=

𝑑𝑖𝑎𝑔 𝐖nn +𝐌nn
−1 −1 + 𝐖nn +𝐌nn

−1 −1𝐆nc 𝐖cc + 𝐆cc − 𝐆cn 𝐖nn +𝐌nn
−1 −1𝐆nc −1𝐆cn 𝐖nn +𝐌nn

−1 −1

𝑑𝑖𝑎𝑔 𝐖cc + 𝐆cc − 𝐆cn 𝐖nn +𝐌nn
−1 −1𝐆nc −1



Single-step GWAS – Many genotypes
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• Genomic evaluation process

• GEBV using APY ssGBLUP + reliability using block sparse inversion

Leite, Bermann et al. 
(in preparation) 

• ෝ𝒂|ෝ𝐮 = 𝑘𝐙c
′𝐆cc

−1ෝ𝐮c

• 𝐂𝐮2c𝐮2c = 𝐖+
σe
2

σu
2 𝐆𝐀𝐏𝐘

−𝟏
−𝟏

• Var ෝ𝒂 ෝ𝒖 = 𝑘𝐙c
′𝐆cc

−1 (𝐆cc − 𝐂𝐮2c𝐮2c)𝐆cc
−1𝐙c𝑘

p-valuei = 2 1 − Φ
ො𝑎𝑖

𝑠𝑑 ො𝑎𝑖

• Initial tests – AGI data

• 845k phenotypes for post-weaning gain

• 50k  genotyped + 1.58M pedigree

• 450k genotyped (13k core + 437k noncore) + 1.8M pedigree



Single-step GWAS – Scenarios
Exact - G−1 50k Exact - 𝐆APY

−1 50k

Approximation - 𝐆APY
−1 50k Approximation - 𝐆APY

−1 450k



Single-step GWAS – Computations

Method Elapsed time, h:min* Peak memory, GB*

Exact - G−1 50k 106:46 159.66

Exact - 𝐆APY
−1 50k 110:59 178.30

Approx - 𝐆APY
−1 50k 2:50 16.62

Approx - 𝐆APY
−1 450k 24:28 87.64

• Computing cost still high 

• Eliminates the limitation on the amount of data for ssGWAS



Adding more data in GWAS

• Adding more genotypes and phenotypes
• Less noise
• Much higher resolution

15,800 genotyped animals 
+ 

Single phenotypes

Jang et al. 
(accepted) 

30,000 genotyped animals 
+ 

Single phenotypes

30,000 genotyped animals 
+ 

Lots of progeny records



Take home messages

• ssGWAS allows for using all data
• Phenotypes
• Pedigree
• Genotypes

• Virtually any number of genotyped animals
• Improvement in computing time

• Possible because of the limited dimensionality of genomic information

• Depends on the quality of approximated reliabilities 

• Already implemented in BLUPF90



UGA AB&G team
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